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Abstract—In this paper, we study the non-orthogonal dynamic
spectrum sharing for device-to-device (D2D) communications in
the D2D underlaid cellular network. Our design aims to maximize
the weighted system sum-rate under the constraints that (i) each
cellular or active D2D link is assigned one subband and (ii)
the required minimum rates for cellular and active D2D links
are guaranteed. To solve this problem, we first characterize
the optimal power allocation solution for a given subband
assignment. Based on this result, we formulate the subband
assignment problem by using the graph-based approach, in which
each link corresponds to a vertex and each subband assignment
is represented by a hyper-edge. We then propose an Iterative
Rounding algorithm and an optimal Branch-and-Bound (BnB)
algorithm to solve the resulting graph-based problem. We prove
that the Iterative Rounding algorithm achieves at least 1/2 of the
optimal weighted sum-rate. Extensive numerical studies illustrate
that the proposed Iterative Rounding algorithm significantly outperforms conventional spectrum sharing algorithms and attains
almost the same system sum-rate as the optimal BnB algorithm.
Index Terms—Device-to-device communication, cellular networks, resource allocation, subband assignment, power allocation.

I. I NTRODUCTION
The fast growth of mobile traffic has motivated the development of enabling technologies for significant network
capacity enhancement in future wireless networks [1]. Deviceto-device communications has been proposed as a mean to
improve the system spectral and energy-efficiency and reduce
traffic load in the core network [2]–[4]. Specifically, in the
dense networks, D2D communications can improve the system
spectral efficiency significantly since spatial spectrum reuse
is exploited effectively through enabling short-range D2D
communication links. Efficient radio resource management for
D2D communications is essential to realize these benefits.
In general, spectrum assignment for cellular and D2D links
can be performed in the orthogonal or non-orthogonal manner
[5]. Moreover, non-orthogonal resource allocation for D2D and
cellular links can be divided into three scenarios as described
in the following.
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Scenario I: Each active (admitted) D2D link is assigned
one subband and each subband is exploited by at most one
D2D link. This scenario allows us to design efficient and
low-complexity algorithms, which can be used to address the
design in more general settings. This scenario is especially
beneficial for the dense deployment of D2D communications.
Scenario II: Each active (admitted) D2D link can be assigned multiple subbands and each subband is exploited by at
most one D2D link. This scenario requires more complicated
resource allocation design compared to scenario I. This is
because beside the design issues of scenario I, scenario II
requires to determine the number of subbands allocated to
each D2D link.
Scenario III: Each active (admitted) D2D link can be
assigned multiple subbands and each subband can be exploited
by multiple D2D links. Resource allocation for this scenario
is certainly very challenging. In fact, even if the subband
assignment solution can be determined, the power allocation
problem is still strongly NP-Hard [6]; therefore, only heuristic
algorithms can be developed to obtain a feasible solution with
practically affordable computation complexity. Furthermore,
to solve the resource allocation in this scenario, the channel
state information (CSI) of the interfering channels among D2D
links over all subbands must be available. Estimation of such
CSI may not be feasible in many practical D2D applications,
especially in the dense D2D communications setting, due to
the large CSI estimation and signaling overhead.
Due to the potential benefits of studying scenario I, many
existing works focus on designing efficient resource allocation
algorithms for this scenario [7]–[14]. Early works consider
simple network settings such as the system with only one
cellular link and one D2D link [7]. Moreover, most existing
resource allocation designs assume that channel allocations
for cellular links have been predetermined [7]–[22]. From
the admission control perspective, the current literature either
ignores the link selection issue or proposes only greedy
link selection algorithms [10], [13], [17], [21]. Generally,
D2D communications can be assisted and controlled by the
cellular base-station (BS) [5] through which optimization of
the subband assignment, power allocation, and link selection
for both cellular and D2D links would lead to the best system
performance.
Solving this joint design problem for any aforementioned
scenarios requires us to deal with the nonlinear power allocation and optimization of integer variables related to the subband assignments and link selection. Even for a given power
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TABLE I
S UMMARY OF RELATED WORKS AND OUR CURRENT WORK
Ref.

Scenario

Approach

Objective

QoS

Model

[7]
[8]
[9]
[10]
[11]
[12]

I
I
I
I
I
I

Optimization
Optimization
Optimization
Optimization
Optimization
Optimization

No
Yes
Yes
Yes
Yes
Yes

PA
PA
PA
PA
SA, PA
SA, PA

[13]

I

Optimization

Yes

SA, PA

[14]
[15]
[16]

I
I
III

Game theory
Optimization
Optimization

Yes
Yes
No

[17]

III

Dynamic
programming

Sum-rate
Sum-rate
Energy efficiency
Sum-rate
Sum-rate
Sum-rate
Weighted
sum-rate
Sum-rate
Sum-rate
Sum-rate
Number of
required
subchannels

SA for
cellular
links
No
No
No
No
No
No

Yes

[18]

III

[19]

III

[20]

III

[21]
[22]
[23]
[24]
[25],
[26]
[27]
[28]
[29]
Our
work

III
III
III
I

Dynamic
programming
Graph based
Optimization and
game theory
Optimization
Graph based
Graph based
Game theory

III
II
II
III
I, II

No
No
No
Yes
No
No

Multi-D2D
and cellular
links
No
No
No
No
Yes
Yes

Theoretical
performance
analysis
Yes
Yes
No
Yes
Yes
No

Yes

Yes

No

No

No

PA, SA
PA, SA
PA

No
No
No

No
No
No

Yes
No
No

No
No
No

No
No
No

No

No

Yes

No

No

No

Link
selection

Optimal
solution
Yes
No
No
Yes
Yes
No

Sum-rate

No

SA, PA

No

No

Yes

No

No

Sum utility

Yes

SA, PA

No

No

Yes

No

No

Sum rate

Yes

PA

No

No

Yes

No

No

Sum-rate
Sum-rate
Sum-rate
Sum-rate

No
No
No
Yes

SA, PA
SA, PA
NA
PA, SA

No
No
Yes
No

Yes
Yes
No
No

No
No
Yes
Yes

No
No
No
No

No
No
No
No

Game theory

Sum-rate

Yes

PA, SA

No

No

Yes

No

No

Game theory
Game theory
Game theory
Graph based and
optimization

Energy-efficient
Sum-rate
Sum utility
Weighted
sum-rate

Yes
Yes
Yes

PA, SA
PA, SA
PA, SA

No
No
No

No
No
No

Yes
Yes
Yes

No
No
No

No
No
No

Yes

SA, PA

Yes

Yes

Yes

Yes

Yes

allocation and link selection solution, we still need to tackle
an integer subband assignment problem, which is NP-Hard in
general. Therefore, it is very challenging to tackle this joint
design problem even for scenario I. Moreover, development of
an efficient and low-complexity resource allocation algorithm
is of great interest for practical implementation. The current
work focuses on resource allocation design for scenarios I and
II and we reserve the study of scenario III for our future works.
A. Related Works
Resource allocation design for the setting in which D2D
and cellular links share a single channel is investigated in
[7]–[10], [16]. In particular, the authors of [7] consider the
power allocation and mode selection problem to maximize the
sum-rate where they study the power allocation problem for
each mode where there are only one cellular link and one
D2D link. Joint power and rate control of D2D and cellular
links is studied in [8], and the mode switching problem for
D2D communication is investigated in [9]. Both works [8]
and [9], however, consider the system with one D2D link
and one cellular link. In [10], the power control design is
pursued to optimize the spectrum efficiency of D2D links
in vehicular systems while the joint admission control, mode
selection, and power control problem is studied for a general
D2D communication system in [16]. Both works [10] and [16]
consider the systems with multiple cellular and D2D links and
a single channel.

In general, joint optimization of subband and power allocation is required for efficient resource utilization in multichannel wireless systems. The setting with multiple D2D and
cellular links sharing multiple channels is considered in several
recent works [11]–[15]. In [11], the system sum-rate optimization for D2D and cellular links is considered. Nonetheless, the
authors assume that each cellular link has been pre-allocated
one subband and the work aims at optimizing the matching
of each D2D link with one cellular link so that the sum rate
is maximized. The joint D2D mode selection and resource
allocation framework is proposed in [12] where each D2D
link can either reuse the resource of cellular links or exploit
the dedicated resource assuming that the resource allocation
for cellular links is pre-determined. Resource allocation for
D2D communication is investigated in [13] where the heuristic
matching design between D2D and cellular links based on their
relative distance is adopted. Moreover, the stable marriage
matching algorithms are adopted in [14], [15] to determine the
efficient matching between cellular and D2D links. Although
all these existing works focus on scenario I mentioned above,
link selection is not studied, these works assume that the
resource allocations of the cellular links are pre-determined.
Resource allocation designs, which allow multiple D2D
links to reuse the same resource, are studied in several
recent papers [17]–[23], [30], [31]. In particular, the works in
[17] and [18] employ the dynamic programming approach to
solve the resource allocation for the D2D underlaying cellular
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network. The joint subchannel and power allocation design
using an interference-graph method is conducted in [23], a
semi-distributed resource allocation algorithm is proposed in
[19], and the iterative algorithms are developed in [30], [31].
However, the authors propose to share the downlink cellular
resources with D2D links, which is not recommended in the
LTE-A standard. In [20], the authors propose a joint spectrum
and power allocation algorithm for the D2D underlaying
cellular system assuming that the power of each D2D link is
fixed and the interference from cellular links to D2D links is
negligible. Moreover, in [21], a two-step resource allocation
algorithm is proposed where greedy subband assignment is
performed in the second step after the power allocation in
the first step. Finally, in [22] the graph coloring algorithm
is proposed to match cellular resources with one or two
D2D links; nevertheless, the power allocation is not studied.
For most aforementioned works, the channel assignments for
cellular links are assumed to be pre-determined, only heuristic
algorithms are proposed, and link selection for D2D links is
not investigated.
Game theory has also been employed for D2D resource
allocation design in several existing works [24]–[29]. Auction
based resource allocation for D2D communications is studied
in [24]. The two-stage Stackelberg game is employed to
engineer the resource allocation in [25] where the cellular BS
is the leader and D2D links are the followers. Non-cooperative
game formulation is adopted to design the resource allocation
for D2D links in [26], and the coalitional game approach
is employed to solve the joint mode selection and resource
allocation in [28]. For the game theory approach adopted in
[24]–[29], D2D and cellular links usually act as the players
and the obtained stable solution could be satisfactory for all
users but it may not be necessarily the most efficient solution.
Moreover, these works do not consider link selection for D2D
links and subband assignment optimization for cellular links.
We summarize these related works and their characteristics
in Table I where PA and SA stand for power allocation and
subband allocation, respectively. It can be observed that none
of these existing works addresses all following design aspects:
consideration of a general setting with multiple cellular and
D2D links, joint subband allocation optimization for cellular
and D2D links, D2D link selection, QoS guarantees for both
cellular and D2D links, and theoretical performance analysis
of developed sub-optimal algorithms.
B. Contributions and Novelty of the Current Work
This paper focuses on the radio resource allocation for D2D
communications in cellular networks for the first scenario and
the developed algorithm for scenario I is employed to tackle
the resource allocation for scenario II. Specifically, our work
makes the following contributions.
• We formulate the resource allocation problem for joint
D2D link selection, subband assignment, and power control that aims at maximizing the weighted sum-rate while
guaranteeing the minimum rate requirements of individual cellular and active (selected) D2D links. The D2D link
selection is indeed embedded into the considered joint
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•

•

•

optimization problem in our design. Moreover, to solve
this problem, we first derive the optimal power allocation
for a given subband assignment for one pair of cellular
and D2D links, which enables us to determine the contribution of each subband assignment to the optimization
objective. Based on this result, we transform the original
resource allocation problem into the subband assignment
problem.
We formulate the subband assignment problem by employing the graph-based approach. Since each link can
exploit a subband orthogonally or non-orthogonally, we
introduce the concept of virtual cellular and D2D links
to capture all possible types of subband assignments.
We then formulate a graph-based problem where each
link/subband and subband assignment correspond to one
vertex and one hyper-edge in the underlying graph, respectively. This problem belongs to the family of threedimensional matching problems, which are generally NPHard.
We develop a novel Iterative Rounding algorithm to
solve the subband assignment problem based on the
combination of linear programming and efficient rounding techniques. Specifically, in each iteration we solve
a relaxed version of the subband assignment problem
for unallocated subbands and network links. Then, we
develop a sophisticated mechanism to arrange fractionalweight edges of the underlying graph in an appropriate order and employ the Local Ratio Method [32] to determine
some subband assignments. Moreover, the unassigned
subbands and network links are used to form the network
graph based on which we can decide further subband
assignments in the next iteration by using the same
procedure. We prove that the weighted sum-rate achieved
by this Iterative Rounding algorithm is at least half of the
optimal weighted sum-rate. In addition, we present an
optimal Branch and Bound (BnB) algorithm, which has
significantly lower computational complexity compared
to the optimal exhaustive search algorithm.
Numerical results demonstrate that the Iterative Rounding
algorithm achieves almost the same sum-rate as that
attained by the optimal BnB algorithm. In addition,
these two algorithms result in up to 40% sum-rate gain
compared to the conventional algorithms in [13] and
[14]. Moreover, numerical results also confirm that in the
dense D2D communications scenario, resource allocation
design under scenario I can achieve reasonably good
performance. Finally, we show that by using the Iterative
Rounding algorithm in the two-step design approach to
address scenario II, we can achieve dramatically higher
sum-rate than those due to the conventional algorithms
in [27], [28].

The remaining of this paper is organized as follows. In
Section II, we describe the system model and problem formulation. The optimal power allocation is described in Section III,
followed by the description of subband assignment algorithms
in Section IV. Discussions of algorithm complexity, signaling,
and further extensions are given in Section V. In Section VI,

IEEE TRANSACTIONS ON WIRELESS COMMUNICATION

4

we present the numerical results, and Section VII concludes
the paper.
II. S YSTEM M ODEL AND P ROBLEM F ORMULATION

weighted sum-rate of all selected D2D links and cellular links
while satisfying the minimum required rates of cellular links
and active D2D links. Specifically, the QoS requirements of
cellular links are expressed as3

A. System Model
We consider the spectrum sharing problem among multiple
D2D and cellular links in the uplink direction. Let N =
{1, · · · , N } with size |N | = N be the set of subbands in the
system.1 We denote Kc = {1, · · · , Kc } as the set of cellular
links, Kd = {Kc + 1, · · · , Kc + Kd } as the set of D2D links,
and K = Kc ∪ Kd as the set of all communications links with
size |K| = Kc + Kd = K. We assume that each subband can
be allocated to at most one cellular and one D2D link, which
means that cellular and D2D links utilize available subbands
orthogonally within its tier.
[n]
Let hkl be the channel gain from the transmitter of link l
to the receiver of link k on subband n. We denote Pkmax as
the maximum transmit power of link k ∈ K. In addition, we
denote the power vectors on subband n and all the subbands
[n]
[n]
as p[n] = [p1 , · · · , pK ]T , and p = vec[p[1] , · · · , p[N ] ],
[n]
[n]
respectively. For clarity, we will also use pCk and pDl to
explicitly denote the powers of cellular link k and D2D link l
on subband n, respectively. To represent assignment decision
[n]
of subband n to link k ∈ K, we define a binary variable ρk
[n]
where ρk = 1 if the subband n is assigned to link k ∈ K, and
[n]
ρk = 0, otherwise. We also define the subband assignment
[n]
[n]
vectors ρ[n] = [ρ1 , · · · , ρK ]T and ρ = vec[ρ[1] , · · · , ρ[N ] ].
For convenience, we adopt the following notations: Kk ≡ Kc
if k ∈ Kc and Kk ≡ Kd if k ∈ Kd .
The signal to interference plus noise ratio (SINR) achieved
by link k ∈ K on subband n can be expressed as
[n] [n] [n]

[n]

Γk (p[n] , ρ[n] ) =

ρk pk hkk
,
P
[n]
[n] [n] [n]
σk +
ρl pl hkl

(1)

l∈K\Kk

[n]
where σk
P

and

l∈K\Kk

rk (p, ρ) ≥ Rkmin ∀k ∈ Kc .

In addition, the minimum rate requirement of an D2D link
when it is selected is described as
X [n]
rk (p, ρ) ≥ I{
ρk = 1}Rkmin ∀k ∈ Kd ,
(5)
n∈N

where I{A} denotes the indicator function, which equals to 1
P [n]
if A is true and equals 0, otherwise. Here, we have
ρk =
n∈N

1 for each selected D2D link k, which is assigned exactly one
subband. The power constraints of all the links are given as
X [n]
pk ≤ Pkmax ∀k ∈ K.
(6)
n∈N

Moreover, we assume that each subband can be allocated to
only one cellular link and one D2D link, which is captured by
the following constraints
X [n]
ρk ≤ 1 ∀n ∈ N
(7)
k∈Kc

n∈N

where the rate is calculated in b/s/Hz, which is normalized by
the bandwidth of one subband.
B. Problem Formulation
We assume that each cellular link or active D2D link is
allocated one subband, which is suitable for uplink communications [33].2 Our design objective is to maximize the
1 Each subband can be a carrier and sub-channel in the multi-carrier wireless
networks (e.g., LTE-based wireless networks).
2 Extension to the case where each link can be allocated multiple subbands
is discussed in Section V.C.

[n]

X

k∈Kd

ρk ≤ 1 ∀n ∈ N .

(8)

In addition, each cellular link is assigned one subband and
each D2D link can use one subband, which are captured by
the following subband assignment constraints
X [n]
ρk = 1 ∀k ∈ Kc
(9)
n∈N

X

denotes the noise power for link k on subband n,
[n] [n] [n]
ρl pl hkl is the interference due to other links in

the K\Kk set. The achievable rates of link k ∈ K on subband
n and all the subbands can be expressed as


[n]
[n]
(2)
rk (p[n] , ρ[n] ) = log2 1 + Γk (p[n] , ρ[n] ) ,
X [n]
rk (p, ρ) =
rk (p[n] , ρ[n] ),
(3)

(4)

[n]

ρk ≤ 1 ∀k ∈ Kd

n∈N
[n]
ρk ∈

{0, 1} ∀k ∈ K ∀n ∈ N .

(10)
(11)

Note that we only achieve equality in the constraint (10) if
the corresponding D2D link is selected (active) and assigned
one subband accordingly. The considered resource allocation
problem can now be formulated as
X
X
max R =
αrk (p, ρ) +
(1 − α)rk (p, ρ)
p,ρ

subject to

k∈Kc

k∈Kd

(4), (5), (6), (7), (8), (9), (10), (11),

(12)
where α is a weight parameter that controls spectrum sharing
of cellular and D2D links.
To solve this problem, we first investigate the optimal power
allocation solution for a given subband assignment based on
which we can develop subband assignment algorithms.
3 In practice, it can be infeasible to support these minimum rate constraints.
In this work, we assume, however, that these constraints can always be
supported.
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III. O PTIMAL P OWER A LLOCATION A LGORITHM
Note that we allow each cellular and active D2D link to use
only one subband in the problem formulation (12). Therefore,
if link m ∈ K is allocated subband n exclusively then the
max
optimal power for this link is Pm
and the corresponding
contribution of this link to the objective value is



max [n]
hmm
αlog2 1 + Pm [n]
if m ∈ Kc
[n]
 σm max [n] 
wm
,
(13)
P
h
(1 − α)log 1 + m [n]mm
if m ∈ Kd .
2
σm

However, if cellular link k and D2D link l share subband n
then the optimal power allocation must be determined from
the following optimization problem4
max

[n]

[n]

pCk , pDl

s.t.

[n]
wkl
[n]

,

[n]
αrCk

+ (1 −

[n]
α)rDl

[n]

rCk ≥ Rkmin , rDl ≥ Rlmin
[n]

(14)

[n]

pCk ∈ [0, Pkmax ], pDl ∈ [0, Plmax ],


[n] [n]
pCk hkk
[n]
[n]
and rDl
where rCk = log2 1 + [n] [n] [n]
σk +pDl hkl


[n] [n]
pDl hll
log2 1 + [n] [n] [n] .

=

σl +pCk hlk

In fact, (14) presents the power allocation problem for
weighted sum-rate maximization of two communication links.
For this problem, it has been proved in [34] that if the problem
is feasible then the optimal transmit powers P = (pCk , pDl )
have the form
P ∈ {(Pkmax , pDl ), (pCk , Plmax )}.

(15)

In [34], the authors consider maximizing the sum-rate of two
interfering links without minimum rate constraints. For each
possible optimal power allocation solution given in (15), the
sum-rate objective function becomes a concave function of one
variable and the optimal solution to maximize such a concave
function belongs to the set of extreme points in the power set,
i.e., (0, Plmax ), (Pkmax , 0), or (Pkmax , Plmax ).
In contrast to [34], we deal with the maximization of
the weighted sum rate of one D2D link and one cellular
link with minimum rate constraints. To address this more
complicated problem, we have to transform the weighted sumrate objective function and the transformed function is neither
concave nor convex as described in (36) of Appendix A. In
addition, the feasible region of this constrained problem is
more complicated than that of the problem in [34]. Hence,
characterization of the optimal power allocation solution in
this setting is more challenging.
Let us now define the following quantities:
)
(
min
[n]
[n]
(2Rl − 1)(Pkmax hlk + σl )
(1)
, 0
(16)
PDl , max
[n]
hll
!
)
(
[n]
Pkmax hkk
1
[n]
(2)
max
, Pl
(17)
− σk
PDl , min
min
[n]
hkl 2Rk − 1
p
(3)
PDl , (−BDl + △Dl )/ADl ,
(18)
4 This power allocation problem aims at maximizing the contribution of the
underlying subband assignment to the system weighted sum-rate.

where ADl , BDl , and △Dl are specified in Appendix A.
Then, the optimal power allocation solution of problem (14)
is characterized in the following proposition whose proof is
given in Appendix A.
Proposition 1. If the optimal power allocation solution of
problem (14) is in the form (Pkmax , pDl ) then it belongs the
following set

(1)
(2)
(3)

{(Pkmax , PDl ), (Pkmax , PDl ), (Pkmax , PDl )},


(3)
S1 ,
(19)
if PDl ∈ [0, Plmax ]



(1)
(2)
max
max
{(Pk , PDl ), (Pk , PDl )}, otherwise.
Similarly, let us define
)
(
min
[n]
[n]
(2Rk − 1)(Plmax hkl + σk )
(1)
, 0
PCk , max
[n]
hkk
!
(
)
[n]
Plmax hll
1
(2)
[n]
, Pkmax
PCk , min
− σl
min
[n]
2Rl − 1
hlk
p
(3)
PCk , (−BCk + △Ck )/ACk ,

(20)
(21)
(22)

where ACk , BCk , and △Ck are calculated as

1
1 − β max
1
hkk h2lk , BCk =
P hll hlk hkk + σl hlk hkk ,
β
2β l
β
1
CCk = σl hkk (σl + Plmax hll ) − Plmax hll hlk (σl + Plmax hkl ),
β
1−α
2
.
△Ck = BCk
− ACk CCk , β =
α
ACk =

Then, we have following results.
Proposition 2. If the optimal power allocation solution of
problem (14) is in the form (pCk , Plmax ), then it belongs to
the following set

(1)
(2)
(3)

{(PCk , Plmax ), (PCk , Plmax ), (PCk , Plmax )},


(3)
(23)
S2 ,
if PCk ∈ [0, Pkmax ]



(1)
(2)
{(PCk , Plmax ), (PCk , Plmax )}, otherwise.

Proof. The proof is omitted due to the space constraint.



Combining the results in Propositions 1 and 2, we can
characterize the optimal solution structure of problem (14) in
the following theorem.
Theorem 1. If the problem (14) is feasible then its optimal
S
power allocation solution belongs to the set S ∗ , S1 S2 .

Since S ∗ contains at most 6 possible power allocation
solutions, we can determine the optimal solution by examining
all potential solutions in S ∗ easily. Therefore, the optimal
contribution to the system weighted sum-rate for each subband
n due to exclusive and co-sharing solutions in (13) and (14),
[n]
[n]
denoted as wm and wkl , respectively, can be determined
accordingly. If problem (13) or (14) is not feasible, we will
[n]
[n]
set wm = −Q or wkl = −Q where Q is a sufficiently large
number so that link m or the pair of D2D link k and cellular
link l is not assigned subband n.
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IV. S UBBAND A SSIGNMENT A LGORITHMS
A. Graph-based Resource Allocation Formulation
Since optimal power allocation for a given subband assignment can be determined as in the previous section, problem
(12) can be transformed to the subband assignment problem.
We propose to solve the subband assignment problem by using
the graph-based approach where each link or subband can be
modeled as a vertex, and one subband assignment corresponds
to one hyper-edge in the graph. This design is presented in
more details in the following.
1) Graph-based Model: We now describe how all design
requirements and constraints of the resource allocation problem can be modeled. The constraint (9) means that each
cellular link must be allocated one subband. To fulfill this
requirement, we introduce Kcv = {0c1 , 0c2 , · · · , 0cNd } as the
set of Nd = (N − Kc ) virtual cellular links. Then, the number
of cellular links (actual and virtual cellular links) is equal to
the number of subbands. The introduction of virtual cellular
links, therefore, enables us to model the subband assignment
problem as the one-one matching between cellular links and
subbands, which guarantees that each cellular link is assigned
one subband. Furthermore, we introduce a single virtual D2D
link 0d and also define Kdv = {0d }. For convenience, we also
define the sets KC , Kc ∪ Kcv and KD , Kd ∪ Kdv .
Now, we define the sets of vertexes and hyper-edges of the
graph as follows:
V 0 = {k, l, n| k ∈ KC , l ∈ KD , n ∈ N }
0

E = {e = (k, l, n)| k ∈ KC , l ∈ KD , n ∈ N },

(24)
(25)

where V 0 is the set of vertexes whose elements are the cellular
links, D2D links, and subbands; and E 0 is the set of hyperedges where each hyper-edge e = (k, l, n) ∈ E 0 corresponds
to the assignment of subband n to cellular link k and D2D
link l. For simplicity, we call edges instead of hyper-edges in
the sequel. Determination of the subband assignment solution
is then equivalent to determining a subset of edges in this
graph, which satisfies all constraints of the resource allocation
problem and maximizes the weighted sum-rate. It is clear that
if the final solution chooses an edge corresponding to cellular
link k, virtual D2D link 0d , and subband n then this cellular
link k uses subband n exclusively. It can be observed that a
single virtual D2D link 0d is sufficient for our design purpose
if this virtual D2D link 0d can be matched with multiple
cellular links on the corresponding different subbands in the
final solution. Similarly, if a particular D2D link l is matched
with one virtual cellular link on subband n then this D2D link
l uses subband n exclusively.
Fig. 1 illustrates this graph representation where the edges
represent the corresponding subband assignments. Recall that
edge e = (k, l, n) corresponds to the assignment of subband n
to cellular link k and D2D link l whose contribution we to the
weighted sum-rate (the design objective) can be determined
through the optimal power allocation in (13) and (14) for
exclusive and sharing subband assignments, respectively.5 By
5 Specifically,

[n]

we have we = wm for exclusive subband assignment in
[n]
(13) and we = wkl for sharing subband assignment in (14).

Fig. 1. Hyper-edge and vertex presentation of the subband assignment
problem

using the results in the previous section, we can determine the
weights we for all possible subband assignments.
2) Subband Assignment Problem: Let V (E) be the set
of vertexes associated with the set of edges E. We denote
Vc (E), Vd (E), and Vn (E) are the sets of actual cellular
links, D2D links, and subbands in the set of vertexes V (E),
respectively. To describe the subband assignment decision, we
introduce a binary variable xe where xe =1 means edge e is
activated (i.e., the corresponding subband allocation is made)
and xe =0, otherwise. Moreover, let x denote the vector whose
elements are subband assignment variables xe associated with
all possible edges. In addition, the degree of vertex v in the
set of edges E associated with x can be defined as
X
D(v, E) ,
xe ,
(26)
e∈E(v)

where E(v) is the set of edges containing vertex v.
Suppose that we have determined the subband assignments
for all subbands and let E denote the set of only active edges
with xe = 1. Then, D(v, E), v ∈ Vd (E) and D(v, E), v ∈
Vc (E) describe the number of subbands allocated to D2D link
v and cellular link v, respectively. Similarly, D(v, E), v ∈ N
is the number of link pairs (D2D and cellular links) using
subband v ∈ N . Therefore, the subband assignment problem
can be reformulated into the following integer programming
problem IP(V, E)
max
xe

s.t.

R=

X

we x e

e∈E

C1 : D(v, E) = 1 ∀v ∈ V ∩ KC
C2 : D(v, E) ≤ 1 ∀v ∈ Vd (E) ∪ Vn (E)

(27)

C3 : xe ∈ {0, 1} ∀e ∈ E.

In problem (27), constraints C1 implies that each cellular
link v (both actual and virtual links) must be allocated exactly
one subband, which guarantees its required minimum rate.
In addition, constraints C2 ensure that each D2D link v is
assigned at most one subband, and each subband is shared
by at most one pair of cellular-D2D links. Constraints C2
allow us to capture two possible outcomes for each D2D link,
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(t)

Fig. 2. The flowchart of Iterative Rounding Algorithm

i.e., it is allocated one subband if it is selected (active) or it
is not allocated any subband if it is not selected (inactive).
This explains the need to use inequality instead of equality
constraints in C2. Note also that the constraint C2 is not
applied to the virtual D2D link 0d since its degree can be
greater than 1, i.e., there are multiple cellular links using their
allocated subbands exclusively.
For problem IP(V, E), if we relax the integer allocation
constraint xe ∈ {0, 1} ∀e ∈ E to xe ∈ [0, 1] ∀e ∈ E
then we obtain the corresponding linear relaxation problem,
which is refereed to as LP(V, E) in the sequel. Note that
IP(V 0 , E 0 ) corresponds to the original subband allocation
problem, which is challenging to address since there may not
exist a polynomial-time algorithm to solve it. To overcome
this challenge, we propose two algorithms to solve problem
IP(V 0 , E 0 ) in the following, namely Iterative Rounding algorithm, and optimal BnB algorithm.
B. Iterative Rounding Algorithm
1) Outline of Design Principals: It can be observed that the
linear relaxation problem LP(V 0 , E 0 ) can be solved easily by
standard optimization solutions, i.e., simplex or interior point
method [35]. However, solving problem LP(V 0 , E 0 ) often
results in fractional values for some edges e (0 < xe < 1).
To address this issue, we propose an Iterative Rounding
Algorithm in which we solve a linear relaxation problem
and perform suitable rounding for fractional variables in each
iteration. This is repeated until all links are active or all
subband are allocated.
Specifically, the Iterative Rounding Algorithm performs the
following operations in three phases of each iteration t. In
phase 1, it solves the linear relaxation problem for inactive
links and available subbands corresponding to the graph with
the set of vertexes V (t) and the set of edges E (t) , which results
in two sets of variables equal to fractional values (0 < xe < 1)

(t)

and one (xe = 1), namely Ea and Eu , respectively.
(t)
We then arrange the edges in the set Eu with fractional
subband assignment variables in phase 2 based on which we
employ the Local Ratio Method in phase 3 to determine the
(t)
set of additional subband assignments Eg . Phases 2 and
3 have been indeed appropriately designed to minimize the
performance loss due to rounding of the fractional subband
(t)
(t)
assignment variables. The edges in Ea ∪ Eg will be used to
perform the corresponding subband assignments for cellular
and/or D2D links in each iteration. Finally, we update the set
of available subbands and inactive links and go back to phase
1 of the next iteration until convergence. The main operations
of the algorithm are illustrated in Fig. 2.
2) Resource Allocation Algorithm: Detailed operations of
the Iterative Rounding Algorithm are presented in Algorithm
1. In each iteration t, we have to solve a subband assignment problem formulated in (27) whose underlying graph
is formed by the sets of vertexes and edges (V (t) , E (t) ),
i.e., V = V (t) , E = E (t) , which is a sub-graph of original
graph with the corresponding sets (V 0 , E 0 ). We initialize the
algorithm with V (t) = V 0 , E (t) = E 0 in the first iteration
t = 1. Moreover, we use Eal to denote the set of edges
corresponding to all subband assignments accumulated over
iterations. The operations of three phases conducted in each
iteration t are described in the following.
Algorithm 1 Iterative Subband Assignment Algorithm
1: Initialization t = 1, Eal = ∅, V (t) = V 0 , E (t) = E 0
2: while Vn (Eal ) 6= N and Vc (Eal ) ∪ Vd (Eal ) 6= Kc ∪ Kd do
3:
Phase 1:
4:
Solve x∗ = argmax LP(V (t) , E (t) ).
(t)

5:
6:
7:

(t)

Ea = {e ∈ E (t) |x∗e = 1}, Eu = {e ∈ E (t) |0 < x∗e < 1}.
Phase 2:
(t)
(t)
(t)
Set Eua ← ∅, Euu ← Eu .
(t)
for i = 1 to |Eu | do
(t)
e∗ = argmin c(Euu , e).
(t)

(t)

8:
9:
10:
11:

12:
13:

e∈ Euu
(t)

Eua ← Eua ∪ e∗ .
(t)
(t)
Euu ← Euu − e∗ .
end for
(t)
(t)
Eu ← Eua
Phase 3:
(t)
(t)
(t)
Eg ← LR(Eu , w(Eu )).
(t)
(t)
Eal = Eal ∪ Ea ∪ Eg .
t ← t + 1.
Update V (t) ← V 0 − V (Eal ) and E (t) = E(V (t) ).
end while
Output Eal and perform subband assignments according to the
edges in set Eal .

a) Linear Relaxation Phase: In this phase, we solve the
linear programming relaxation problem LP(V (t) , E (t) ) (line
4 in Algorithm 1), and obtain two sets of subband assignment
variables whose values are fractional (smaller than 1) and
equal to one, respectively. Specifically, let x∗ denote the
optimal solution of problem LP(V (t) , E (t) ) then we define
these two sets as
Ea(t) = {e ∈ E (t) |x∗e = 1}
Eu(t)

= {e ∈ E

(t)

|0 <

x∗e

< 1},

(28)
(29)
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Algorithm 2 LR(E, w(E))
1: Etemp ← ∅, j = 1.
2: repeat
3:
Choose from E the smallest index edge e∗ .
4:
ej ← e∗
5:
Update Etemp ← Etemp ∪ ej and j ← j + 1
6:
For each edge e′ ∈ E ∩ E(V (e)),

7:
8:
9:
10:

11:
12:

1. Update the weight value we′ ← we′ − we∗ .
2. If we′ ≤ 0, E ← E − e′
until E = ∅
(|E
|+1)
Es temp
=∅
for j = |Etemp | to 1 do
Choose edge ej ∈ Etemp to do the following
(j+1)
(j)
(j+1)
(j)
If V (ej ) ∩ V (Es
) = ∅, Es ← Es
∪ ej , else Es ←
(j+1)
Es
.
end for
(1)
Return Es .

(t)

which are associated with LP(V (t) , E (t) ). We define Vu =
(t)
(t)
(t)
V (Eu ) and Va = V (Ea ) as the sets of vertexes associated
(t)
(t)
with Ea and Eu , respectively. We refer to edges in the set
(t)
Eu as fractional edges in the sequel. To proceed further, let
E(V ) represent the set of edges each of which has at least
one of its vertexes in the set V . Based on x∗ , we obtain the
assignment vectors x∗a and x∗u corresponding to edges in the
(t)
(t)
(t)
sets E(Va ) and E(Vu ), respectively. Now, Eu and x∗u
are used in the following two phases to determine additional
subband assignments.
b) Fractional Edge Arrangement Phase: The objective of
this phase is to arrange the fractional edges, which helps select
additional edges for further subband assignments (lines 6-8
Algorithm 1). Toward this end, we define a coupling parameter
c(e, E) for each fractional edge e as
X
c(e, E) ,
x∗e′ ,
(30)
e′ ∈E∩E(V (e))

where V (e) is the set of vertexes of edge e. In fact, c(e, E)
represents the sum of fractional values of edges in set E that
have at least one common vertex with edge e. In this phase,
(t)
we arrange the edges in Eu in the ascending order of their
coupling parameters. Specifically, the edge arrangement pro(t)
cedure is executed as follows. Initially, c(e, Eu ) is calculated
(t)
for all edges e ∈ Eu . Then, the edge having smallest coupling
(t)
parameter is selected and removed from Eu . These procedure
(t)
is repeated until all the edges in Eu is arranged. Moreover,
we assume that edges are indexed in the order they are added
(t,i)
to set Eua in line 7 of Algorithm 1. The set of arranged edge
(t)
Eu is used for the next phase of the algorithm.
c) Local Ratio Rounding Phase: In the third phase, we
employ the Local Ratio Method [32] to assign the remaining
bandwidth resources to fractional edges, which is described in
Algorithm 2, LR(E, w(E)). The way these assignments are
performed can be explained as follows. The rearranged edges
obtained at the end of phase two of Algorithm 1 are considered
sequentially to perform further subband assignments in the
(t)
order of increasing indexes of Eu . The idea is that if we
sequentially round up edges starting from those with smallest coupling parameters and perform corresponding subband

assignments then this rounding operation would minimize
the impacts to other unallocated edges and therefore the
performance loss.
(t)
At the end of each iteration t, we obtain the set Eg , which
contains edges corresponding further subband assignments.
(t)
(t)
Finally, Ea and Eg are added to the “assignment” set Eal at
the end of each iteration (line 11 in Algorithm 1). In Algorithm
2 LR(E, w(E)) where w(E) is the original weighted vector
corresponding to the edges in E, in which we is the weighted
value of edge e obtained from the optimal power allocation
described in Section III. As we consider a particular edge e,
we decrease the weight of each coupled edge e′ of e by we
(line 6). Here, edges e′ and e are defined to be coupled if they
share at least one vertex and we assume that e is coupled with
itself. After these weight updates, any edges with non-positive
(t)
weights will be excluded from being added to set Eg . In the
end, we exclude some further edges so that each edge in the
(1)
returned set Es is not coupled with any other edges in this
set (lines 9-11 of Algorithm 2).
3) Properties of Iterative Rounding Algorithm: Firstly, we
state an important property related to the linear relaxation
phase.
Proposition 3. x∗u is also an optimal solution of problem
(t)
(t)
LP(Vu , E(Vu )).
(t)

Recall that Vu is the set of vertexes corresponding to the
(t)
fractional edges, and E(Vu ) is the set of edges each of which
(t)
has at least one of its vertexes in Vu .
Proof. The proof is given in Appendix B.



The results in Proposition 3 are very useful because it
implies that one can split the linear programming problem LP(V (t) , E (t) ) into two linear programming problems
(t)
(t)
(t)
(t)
LP(Vu , E(Vu )) and LP(Va , E(Va )) of smaller size. In
(t)
(t)
addition, problem LP(Va , E(Va )) has the integer optimal
(t)
(t)
solution and problem LP(Vu , E(Vu )) has the fractional
optimal solution. Consequently, we can perform subband as(t)
signments corresponding to the edges in Ea which provides
one part of the final subband assignment solution. Moreover,
(t)
(t)
we only need to solve problem LP(Vu , E(Vu )) to determine further subband assignments.
In addition, we need to investigate the solution obtained
from each iteration of the algorithm.
P To facilitate the description, let we denote z(E) =
e∈E we as total weight
of all edges in E, and l∗ (V, E) be the optimal objective value
of problem LP(V, E). At each iteration t, we perform the
(t)
rounding operations to obtain set Eg based on the solution
(t)
(t)
of problem LP(Vu , E(Vu )).
Proposition 4. The total weight of selected edges in set
(t)
Eg (line 10 of Algorithm 1) is at least half of the optimal
(t)
objective of the linear relaxation problem, i.e., z(Eg ) ≥
(t)
(t)
1 ∗
2 l (Vu , E(Vu )).
Proof. The proof is given in Appendix C



The above proposition characterizes the achieved objective
in each iteration t. We now state the main results that char-
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an upper-bound of the objective value for the optimal solution
containing the visited node. If we have Zint > Bul at any node
then the sub-tree formed by the child nodes of the underlying
node will be removed from future considerations.
For a particular node n at level k0 , there is a unique path
from this node to the root, which provides the sets of active
cellular links and their allocated subbands, denoted as Vca ,
{1, · · · , k0 } and Vna , {n1 , · · · , nk0 }, respectively. The local
upper-bound Bul for node nk at level k can be calculated by
solving problem LP(V 0 , E 0 ) with the following constraints
D(k, E(nk )) = 1 ∀k ∈ Vca ,
Fig. 3. Tree structure of BnB algorithm

acterize the performance guarantee of Algorithm 1. The proof
is given in Appendix D.
Proposition 5. A feasible solution of the original subband
allocation problem IP(V 0 , E 0 ), offered by Algorithm 1,
achieves at least half of the optimal objective value of the
linear relaxation problem LP(V 0 , E 0 ) .
This proposition implies that we can always guarantee that
Algorithm 1 achieves at least 1/2 optimal objective value.
This is true even if the solution of problem LP(V 0 , E 0 )
corresponds all fractional edges.
C. Branch and Bound Algorithm
We now describe an optimal Branch and Bound (BnB)
algorithm with novel branching and bounding procedures to
limit the search complexity.
1) Branching: We propose to branch the solution space
over a tree comprising Kc levels where each level corresponds
to one cellular link as demonstrated in Fig. 3. Each node
n at level k in the tree represents one potential assignment
of subband n to cellular link k. Since each subband can
be allocated to at most one cellular link, we remove the
underlying subbands from the next-level allocations associated
with their child nodes. Therefore, the number of branches
originated from each node decreases over the tree levels. The
objective of the BnB algorithm is to determine an optimal
path through the tree which corresponds to optimal subband
assignments.
In general, at each level k, we can branch up to Kd N nodes
where each node corresponds to the sharing of cellular link
k and D2D link l on subband n. Note that in our proposed
tree structure, each node at level k presents the subband
assignment for cellular link k, which is independent of the
subband assignment for D2D links. Therefore, our branching
procedure effectively reduces the search complexity.
2) Bounding: To reduce the search complexity, we remove
sub-trees originating from some particular nodes if subband allocations corresponding to these sub-trees cannot belong to the
potential optimal path. To facilitate these sub-tree removals,
we maintain a global lower-bound Zint which corresponds to
the current best feasible solution. Moreover in each visited
node, we calculate the local upper-bound Bul which presents

(31)

which force subband nk to be allocated to cellular link k for
all k ∈ Vca .
We develop an algorithm to find a feasible solution at level
Kc , which can be used to update Zint as follows. Note that
at level Kc all cellular links are active. Therefore, problem
IP(V 0 , E 0 ) degenerates into the resource allocation problem
of D2D links. We assume that subband n ∈ N is allocated for
cellular link kn ∈ KC where kn can be a virtual cellular link.
Hence, if subband n is allocated to D2D link l, the weighted
sum rate gain can be calculated as
( [n]
wl
if kn ∈ Kcv
n
ql =
(32)
[n]
[n]
wkn l − wkn if kn ∈ Kc ,
[n]

[n]

[n]

where wl , wkn and wkn l are the weighted value of D2D
link l if it uses subband n exclusively; weighted value of
cellular link kn if it uses subband n exclusively; and weighted
value for cellular link kn and D2D link l on subband n,
respectively. Hence, problem IP(V 0 , E 0 ) can be transformed
to the following problem
X X
max
qln yln
y

s.t.

l∈Kd n∈N

C1 :

X

n∈Kd

C2 :

X

l∈N

yln ≤ 1 ∀l ∈ Kd

(33)

yln ≤ 1 ∀n ∈ N

C3 : yln ∈ {0, 1} ∀n ∈ N ∀l ∈ Kd ,
where y represents the subband assignment vector of all D2D
links. This problem belongs to the class of job assignment
problem, which can be solved efficiently by the Hungarian
method [36]. Denote y0 and R0 as the assignment vector
of D2D links and objective value obtained by the Hungarian
method. Hence, the objective value of problem IP(V 0 , E 0 )
P
P
[n]
0
)wkn .
can be expressed as Zcurrent = R0 + n∈Vna ( l∈Kd yln
Therefore, if Zcurrent > Zint , we can update the global lowerbound as Zint ← Zcurrent . Finally, we search over the proposed
tree until all nodes have been solved or excluded to determine
the optimal path (i.e., optimal subband assignments).
V. C OMPLEXITY A NALYSIS AND E XTENSIONS
A. Complexity Analysis
The computational complexity is analyzed by counting the
number of operations required in the power allocation and
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subband assignment phases, but the complexity of the power
allocation phase is indeed negligible. In the Iterative Rounding algorithm, the number of iterations is O(1). In the first
iteration, the computational complexity is dominated by the
complexity required to solve the linear program. The primal
dual interior-point method employed
 to solve this problem
has complexity of O (KC KD N )3.5 , where KC KD N is the
number of variables [35, p. 324]. The complexity of fractional
edge arrangement phase and local ratio rounding phase is
negligible; Therefore, the overall computational complexity
of

the Iterative Rounding algorithm is O (KC KD N )3.5 .
The computational complexity of the BnB algorithm depends on the operations conducted by each node and the
number of visited nodes. The complexity of the Hungarian
method, which is employed to solve the job assignment and
linear programming problems is O(M 3.5 ) where M is the
number of variables. The worst-case complexity of the BnB
algorithm can be calculated based on the maximum number of
N!
visited node, which is (N −K
. In addition, the complexity of
c )!

running the Hungarian method are O (max{Kc , Kd , N })3
[36], which is much smaller than O(KC KD N )3.5 . Hence,
3.5
C KD N )
the complexity of the BnB algorithm is O( N !(K
).
(N −Kc )!
Note that the complexity of the exhaustive search algorithm is
N !Kd !
!N !
O( (N −KcN)!(N
−Kd )! ) if N > Kd and O( (N −Kc )!(Kd −N )! ) if
N < Kd . Therefore, for sufficiently large values of Kd and N
(e.g., N, Kd > 10), the BnB algorithm is significantly more
efficient than the exhaustive search algorithm.
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TABLE II
S IMULATION PARAMETERS
Description
Number of cellular links
Number of D2D links
Number of subbands
Path loss exponent
Maximum distance between Tx and Rx
of D2D links
Maximum transmitted power
Minimum required rate
Weight parameter
Noise power

Parameter
Kc
Kd
N
γ

Value
10, 20
10, 25, 30, 50
25
3

dmax

80m

Pcmax , Pdmax
min
Rcmin , Rd
α
σk

0.5W
3b/s/Hz
0.5
10−13

500

BS
Cellular user
D2D Tx
D2D Rx

0

-500
-500

0

500

Fig. 4. Simulation setting

700

We now address the more general case where each cellular
or D2D link can be allocated multiple subbands (scenario II).
We adopt the two-step approach to perform resource allocation
for this general case. In the first step, we determine the number
of subbands that must be allocated to each link m, denoted as
Nm , by using certain bandwidth allocation approach. Then,
we can employ the proposed resource allocation framework
presented previously to address the design in the second step
as follows. We map each link m to Nm new equivalent links,
max
each of which has the maximum transmit power Pm
/Nm ,
min
and the minimum required data rate Rm /Nm . We then apply
the proposed resource allocation algorithms for the equivalent
system with more links. Finally, the assigned subbands and
the corresponding powers for each link m can be determined
from the resource allocation solutions for its Nm links.
VI. N UMERICAL R ESULTS
A. Simulation Setting
We consider the simulation setting illustrated in Fig. 4 where
there is a single BS with the coverage area of 500m serving
Kc = 20 randomly distributed cellular users. Moreover, there
are N = 25 subbands, which are shared by Kc = 20 cellular
links and Kd = 30 D2D links unless stated otherwise. The
D2D transmitters are randomly distributed in the cell area,
and each D2D receiver is randomly located in the area close
to its D2D transmitter within the maximum distance of dmax .
[n]
The channel power gain is modeled as hkl = d−γ
kl δ where

Sum rate (b/s/Hz)

B. Further Extensions

650
600
550
500

BnB
Iterative
Conv_optimization
Conv_game

450
0.1 0.2
0.4
0.6
0.8
Maximum power of D2D link (W)

1

Fig. 5. System sum rate versus Pdmax as Kc = 10

dkl is the distance between the receiver of link k and the
transmitter of link l; δ represents the Rayleigh fading, which
follows exponential distribution with the mean value of 1. The
values of parameters for our simulation are summarized in
Table II unless stated otherwise.
B. Numerical Results for Scenario I
We compare the performance of our proposed algorithms
with conventional algorithms developed for scenario I in [13]
and [14]. The first conventional algorithm, refereed to as
the optimization-based conventional algorithm, performs the
resource allocation in three phases. In the first phase, the
matching between cellular and D2D links is executed based
on the relative distance between cellular transmitter and D2D
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650

700

600

650

550
500
450

BnB
Iterative
Conv_optimization
Conv_game

400
0.1 0.2
0.4
0.6
0.8
Maximum power of D2D link (W)

Sum rate (b/s/Hz)

Sum rate (b/s/Hz)
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600
550
500
450

1

Fig. 6. System sum rate versus Pdmax as Kc = 20

BnB
Iterative
Conv_optimization
Conv_game

0

1
2
3
4
Min rate of cellular link (b/s/Hz)

5

Fig. 7. Sum rate versus minimum rate of each cellular link

Sum rate (b/s/Hz)

700

receiver. Then, in the second phase, the power allocation for
a pair of cellular and D2D links is performed to achieve the
optimal weighted sum-rate of both links. Finally, the matching
between the subbands and different pairs of links is determined
by using the Hungarian method. In contrast to the algorithm
in [13], the work [14] adopted a game-based approach where
the resource allocation for cellular links is determined first.
Then, the optimal power allocation for each pair of cellular
and D2D links is calculated. Finally, the matching between
D2D links and the resources of cellular links is decided by
using the stable matching and cheating technique [37].
In the following, all numerical results are obtained by
averaging over 1000 random realizations of D2D, cellular
locations, and channel gains. The results corresponding to the
BnB, Iterative Rounding, optimization-based conventional, and
game-based conventional algorithms are indicated by “BnB”,
“Iterative”, “Conv optimization”, and “Conv game” in all
figures, respectively.
Figs. 5 and 6 illustrate the system sum-rate versus the
maximum power of each D2D link as Kc = 10 and Kc = 20,
respectively. It shows that the system sum-rate increases
moderately as the D2D maximum power becomes larger. This
is because short-range D2D links do not require very large
transmit power to achieve high date rates compared to the
cellular links. Moreover, the D2D power budget is mainly used
to combat the interference from cellular links, which interprets
the moderate gain in system sum-rate. It is remarkable that
the Iterative Rounding algorithm performs extremely well and
its achieved sum-rate is almost the same as that due to the
optimal BnB algorithm. The Iterative Rounding algorithm
indeed performs quite better than the worst-case performance
bound stated in Proposition 5. This is because the worstcase bound assumes that the linear relaxation phase results
in all fractional edges and the worst performance loss in the
rounding phase.
Moreover, the Optimization-based conventional algorithm
performs better than the Game-based conventional algorithm
as Kc = 10. This is due to the fact that the Optimizationbased conventional algorithm jointly optimizes the subband
assignments for both cellular and D2D links while the Gamebased conventional algorithm performs subband assignments
for cellular links and D2D links in two separate steps which

600

500

BnB
Iterative
Conv_optimization
Conv_game

400
2

6

10
14
18
Number of cellular links

22 24

Fig. 8. System sum rate versus Kc as Kd = 30

results in the significant performance loss.
In Fig. 7, we demonstrate the system sum-rate versus the
minimum required rate of cellular links Rcmin . It can be
seen that the system sum-rate reaches the maximum value as
Rcmin = 0. This is because when as Rcmin = 0, D2D links
have more advantages than cellular links in accessing good
subbands thanks to the short-range of D2D links. Hence, the
rate of D2D links become higher for the smaller minimum
required rate of each cellular link. It can also be observed that
the system sum-rate decreases significantly as Rcmin increases
from zero before getting saturated at fixed value.
Fig. 8 shows the variations of the system sum-rate with
the number of cellular links Kc as we fix Kd = 30. This
figure demonstrates that the system sum-rate decreases with
the number of cellular links. In fact, as Kc increases, the
number of active D2D links is reduced, which results in the
decrease in the system sum-rate. In addition, Fig. 9 demonstrates the system sum-rate versus Kc as we fix Kd = 10. As
shown in this figure, the system sum-rate first increases then
decreases with Kc , which can be explained as follows. As
Kc is small, increasing Kc does not significantly impact the
data rates of D2D links since all D2D links can still exploit
the subbands exclusively. Moreover, larger number of cellular
links can result in better spectrum utilization, which improves
the system sum-rate. However, when Kc is sufficiently large,
increasing Kc leads to the scenario where active D2D links
must share subbands with cellular links and the number of
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Fig. 11. System sum rate versus Kd as Kc = 10

active D2D links decreases, which is confirmed by Fig. 10.
Therefore, it results in the decrease of the system sum-rate.
Fig. 11 presents the system sum-rate for varying number
of D2D links Kd as we fix Kc = 10. It is shown that as
Kd increases, the system sum-rate increases quite significantly
for all algorithms. In fact, as Kd increases, number of active
D2D links increases, which is confirmed by Fig. 12; therefore,
the higher number of D2D links Kd leads to the greater
system sum-rate. Moreover, since Kc is small, as Kd increases,
D2D links can access the large bandwidth, which results in
significant improvement of the system sum-rate.

We now study the achievable network performance when the
Iterative Rounding Algorithm is utilized to address scenario
II where each active D2D link can be assigned multiple
subbands. We compare our proposed algorithms with the
algorithms in [27] and [28] denoted as “Conventional 1” and
“Conventional 2” algorithms. The former algorithm performs
resource allocation by using the coalitional game approach
where the coalitions are determined by a greedy algorithm.
The latter algorithm implements the resource allocation by
using merge-and-split coalitional game method.
Results for all proposed algorithms presented in the following employ the Iterative Rounding algorithm, and they are
different in the methods employed to determine the number
of subbands assigned to each D2D link in step one of the
proposed two-step approach. While in the “Proposed single”
algorithm, each D2D link is assigned one subband, the “Proposed Extension 1” and “Proposed Extension 2” determine
the number of subbands assigned to each D2D link by using
the outcomes of “Conventional 1” and “Conventional 2”
algorithms, respectively. Moreover, the “Proposed multi-fair”
algorithm assigns the same number of subbands to all admitted
D2D links. We also consider the “Full admission” scheme
where all D2D links are admitted without performing adaptive
D2D link selection. Finally, the “Proposed multi-sequential”
algorithm determines the number of subbands for D2D links as
follows. First, each D2D link is assigned one subband. Then,
if there are still available subbands, we sequentially assign one
more subband to one D2D link, which results in the highest
improvement of the system sum-rate in each iteration.
Figs. 13 and 14 show the sum-rate versus the number of
cellular links Kc as Kd = 25 (Kd is shown, otherwise). It
can be seen that the proposed algorithms (“Proposed single”,
“Proposed Extension 1”, and “Proposed Extension 2”) perform
significantly better than the conventional algorithms, which
confirms the efficacy of the proposed joint subband and power
allocation design. The “Proposed single” algorithm even performs better than the “Proposed Extension 1” and “Proposed
Extension 2” algorithms. This implies that in the dense D2D
communication scenario, assignment of a single subband for
each D2D link results in sufficiently good performance. In
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Moreover, except for cases where Kd is in the interval [8, 16],
the performances of the “Proposed multi-fair” and “Proposed
multi-sequential” algorithms are similar. This illustrates the
regions where fair subband allocation can be adopted to enjoy
both low computation complexity and good performance.
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addition, the “Proposed single” algorithm achieves higher
sum rate for Kd = 50 than for Kd = 25 thanks to the
additional multiuser diversity gain. Finally, the “Proposed
single” algorithm results in better sum-rate than that of the
“Full admission”, which demonstrates the benefits of adaptive
D2D link selection.
Figs. 15 and 16 show the sum-rate versus the number of
D2D links Kd as Kc = 20. It is shown that as Kd is
small, assignment of multiple subbands for each D2D link
(scenario II) can result in better performance. However, as
the number of D2D links increases, the performance gap
among different designs for scenarios I and II decreases.

In this paper, we have developed efficient resource allocation algorithms for D2D underlaid cellular network systems.
The proposed algorithms are differentiated mainly by their
subband assignment designs, which are developed based on the
optimal power allocation solution for individual pairs of cellular and D2D links on any subband. We have established the
theoretical performance guarantee for the Iterative Rounding
algorithm and analyzed the computational complexity of the
proposed algorithms. Numerical results have confirmed that
the proposed designs result in better performance than stateof-the-art algorithms.
A PPENDIX A
P ROOF OF P ROPOSITION 1
In problem (14), we only consider subband n. Therefore, we omit the index n in this Appendix for brevity.
If the optimal power of problem (14) belongs to the set
(Pkmax , pDl ), then we only have to find the optimal power
allocation of D2D link i.e., pDl . The rates achieved by
cellular link k and D2D link l can be expressed, respectively,
as rCk = log2 (1 + Pkmax hkk /(σk + pDl hkl )), and rDl =
log2 (1 + pDl hll /(σl + Pkmax hlk )).
It can be verified that rCk is monotonically decreasing with
pDl ; hence, to satisfy minimum
of cellular
 rate requirement

min
link k we must have pDl ≤ Pkmax hkk /(2Rk −1)−σk /hkl .
Similarly, rDl is monotonically increasing with pDl . Hence,
min
pDl ≥(2Rl −1)(Pkmax hlk +σl )/hll . As a result, to obtain a
(2)
(1)
feasible solution, we must have pDl ∈ [PDl , PDl ], where
)
(
min
(2Rl − 1)(Pkmax hlk + σl )
(1)
, 0
(34)
PDl = max
hll


 max

Pk hkk
1
(2)
max
.
(35)
− σ k , Pl
PDl = min
hkl 2Rkmin − 1
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In addition, we modify wkl as wkl = α(rCk + βrDl ) where
β = (1 − α)/α. Now we define


β
Pkmax hkk
pDl hll
f (pDl ) = 1 +
1+
. (36)
σk + pDl hkl
σl + Pkmax hlk
Then, maximizing wkl is equivalent to maximizing f (pDl ).
The optimal value of f (pDl ) can be found by solving the equation f ′ (pDl ) = 0. The derivative of f (pDl ) can be expressed as
f ′ (pDl ) = (ADl p2Dl + 2BDl pDl + CDl )/DDl where ADl =
βhll h2kl , BDl = 0.5 (β − 1) Pkmax hkk hkl hll + βσk hkl hll ,
CDl = βσk hll (σk +Pkmax hkk )−Pkmax hkk hkl (σl +Pkmax hlk ),
and DDl = (σl + Pkmax hlk )(σk + pl hkl )2 .
2
If △Dl = BDl
− ADl C√
> 0, f ′ (pDl ) =
Dl
0 has two
Dl . In addition,
√ solutions (−BDl ± △Dl )/A√
(−BDl − △Dl )/ADl < 0 and (−BDl + △Dl )/ADl are
respectively the minimum and maximum points of function
√
(3)
f (pDl ). Let us denote PDl = (−BDl + △Dl )/ADl . If
(3)
(1)
(2)
(3)
PDl ∈ [PDl , PDl ], PDl is the optimal solution of problem
(3)
(1)
(2)
(14). On the other hand, if PDl ∈
/ [PDl , PDl ], f (pDl ) is a
(1)
(2)
(1)
(2)
monotonic function in [PDl , PDl ]; therefore, PDl or PDl is
the optimal solution of problem (14).
If △Dl < 0, which means that f ′ (pDl ) > 0 ∀pDl or
f (pDl ) is a monotonic function of pDl then f (pDl ) achieves its
(1)
(2)
maximum at PDl or PDl . Therefore, in any cases, the optimal
solution of problem (14) belongs to S1 which completes the
proof of the proposition.
A PPENDIX B
P ROOF OF P ROPOSITION 3
We prove the proposition by contradiction. Specifically,
we show that if x∗u is not an optimal solution of problem
(t)
(t)
LP(Vu , E(Vu )), then x∗ is not the optimal solution of
problem LP(V (t) , E (t) ). First, consider problem LP(V, E)
and let us denote l(V, E, x) as the objective value associated with x and the optimal objective value is l∗ (V, E).
Suppose that xo 6= x∗u is the optimal solution of problem
(t)
(t)
LP(Vu , E(Vu )). Now we define a new vector x′ where
(t)
the value of its element is set as x′e = 1 if e ∈ Ea , x′e = xoe
(t)
′
if e ∈ E(Vu ), and xe = 0, otherwise. On the other hand,
we have

14

(1)

where Es is the set of edges returned in Algorithm
(t)
(t)
LR(Eu , w(Eu )), and x∗e corresponds to edge e in x∗u which
(t)
(t)
is the optimal solution of problem LP(Vu , E(Vu )). To
complete the proof of this proposition, we use the results in
the following lemma whose proof can be adapted from that in
[38] with some minor modifications.
Lemma 1. In iteration t of Algorithm 1, the chosen edge
e∗ in each sub-iteration i always has the coupling parameter
(t)
with the unarranged edges (Euu ) being smaller than 2, i.e..,
(t)
c(e∗ , Euu ) ≤ 2.
Recall that we employ the Local Ratio Method in Algorithm 2 to allocate the resources to some fractional edges
(t)
in Eu . Therefore, all the lines mentioned in the following
correspond to Algorithm 2. We notice that each time we update
(t)
Etemp (line 5), we also modify weighted vector of Eu (line
6). Therefore, we have |Etemp | + 1 iterations updating the
(t)
(t)
(t)
weight vector of Eu . We define w(j) (Eu ) and w̄(j) (Eu )
(t)
respectively as the weight vectors of Eu before and after
weight update in iteration j (1 ≤ j ≤ |Etemp | + 1 ). We now
(t)
(t)
(t)
define ŵ(j) (Eu ) = w(j) (Eu ) − w̄(j) (Eu ). In addition,
(j)
(j)
(j)
we denote we , w̄e , and ŵe are respectively the elements
(j)
(j)
(j)
corresponding to edge e in we , w̄e , and ŵe . Note that
in lines 3 and 10 in Algorithm 2 we consider the same set
of edges Etemp ; therefore, each index j (1 ≤ j ≤ |Etemp |) in
lines 3 and 10 corresponds to a specific edge ej ∈ Etemp .
We prove the proposition by induction on number of edges
(j)
in Es . At first, the statement in the proposition holds in the
base case at iteration j = |Etemp | + 1 since at that iteration
(|E
|+1)
(t)
Es temp
= ∅ and w(|Etemp |+1) (Eu ) ≤ 0, where 0 is a
zero vector. We assume the induction hypothesis that at any
iteration j ( 1 < j ≤ |Etemp | + 1) we have
X
1 X ∗ (j)
x e we .
(40)
we(j) ≥
2
(t)
(j)
e∈Eu

e∈Es

We need to prove the following
X
1 X ∗ (j−1)
we(j−1) ≥
x e we
.
2
(j−1)
(t)
e∈Es

(41)

e∈Eu

We assume that at iteration j − 1 edge e∗ is chosen (line 4 or
10). From the edge selection procedure in lines 9-11, we have
l(V (t) , E (t) ), x∗ ) = l(Va(t) , E(Va(t) ), x∗a ) + l(Vu(t) , E(Vu(t) ), x∗u )

(j−1)
Es(j)
if e∗ ∈
/ Es
(37)
(j−1)
(42)
Es
=
Es(j) ∪ {e∗ } if e∗ ∈ Es(j−1) .
l(V (t) , E (t) ), x′ ) = l(Va(t) , E(Va(t) ), x∗a ) + l(Vu(t) , E(Vu(t) ), xo ).
(38)
Due to the employed update procedure for the weight vector,
(t)
(t)
(t)
(t)
Since l(Vu , E(Vu ), x∗u )<l(Vu , E(Vu ), xo ), we have we have w(j) (Eu(t) ) = w̄(j−1) (Eu(t) ) and w̄e(j−1)
= 0.
∗
l(V (t) , E (t) , x∗ )<l(V (t) , E (t) , x′ ). Hence, x∗ is not the op- Combining these arguments with (42) we have
X
X
timal solution of LP(V (t) , E (t) ), which is a contradiction.
w̄e(j−1) =
we(j)
A PPENDIX C

(j−1)

X

P ROOF OF PROPOSITION 4
The proof of Proposition 4 is equivalent to the proof of the
following inequality
X
1 X ∗
x e we ,
(39)
we ≥
2
(t)
(1)
e∈Es

e∈Eu

(j)

e∈Es

(t)

e∈Eu

e∈Es

x∗e we(j) =

X

x∗e w̄e(j−1) .

(t)

e∈Eu

Using the results in (40) and (43), we arrive at
X
1 X ∗ (j−1)
xe w̄e
.
w̄e(j−1) ≥
2
(t)
(j−1)
e∈Es

(43)

e∈Eu

(44)
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Assume that Ec is the set of edges coupled with the
considered edge e∗ in line 6. In addition, each element of
(t)
ŵ(j−1) (Eu ) satisfies

we(j−1)
∀e ∈ Ec
∗
(j−1)
(45)
ŵe
=
0
otherwise.
According to Lemma 1, we have c(e∗ , Ec ) =

Using this result and (45), we obtain
X
(j−1)
x∗e ŵe(j−1) ≤ 2we∗ .

P

e∈Ec

x∗e ≤ 2.
(46)

(t)
e∈Eu

In addition, according to the proposed edge selection procedure (line 10), at least one edge coupled with e∗ must belong
(j−1)
to Es
. Therefore,
X
(j−1)
ŵe(j−1) ≥ we∗ .
(47)
(j−1)

e∈Es

From (46) and (47), the following inequality holds
X
1 X ∗ (j−1)
xe ŵe
.
ŵe(j−1) ≥
2
(t)
(j−1)

(48)

e∈Eu

e∈Es

(t)

(t)

Combining the fact that w(j−1) (Eu ) = w̄(j−1) (Eu ) +
(t)
ŵ(j−1) (Eu ) and the results from (44) and (48), we have
X
1 X ∗ (j−1)
we(j−1) ≥
x e we
,
(49)
2
(j−1)
(t)
e∈Es

e∈Eu

which complies with (41) . On the other hand, as j = 1,
(t)
(t)
we have w(Eu ) = w(1) (Eu ); therefore, the inequality (39)
holds.
A PPENDIX D
P ROOF OF PROPOSITION 5
To address the considered subband assignment problem, we
have reformulated an equivalent problem IP(V 0 , E 0 ) where
we have created (N − Kc ) cellular virtual links and the
degree of each cellular virtual links is smaller than 1. Under
this construction, there are at most (N − Kc ) D2D links,
each of which can use a subband exclusively. Therefore,
we can always guarantee that each of Kc cellular links is
assigned one subband, which enables them to maintain the
minimum rate constraints. In addition, after the first iteration
(1)
(1)
of Algorithm 1, we admit Ea ∪Eg . In addition, we have (i):
(1)
(1)
(1)
(1)
z(Ea ∪Eg ) = z(Ea )+z(Eg ). According to Proposition
(1)
(1)
3, we arrive at (ii): l∗ (V (1) , E (1) ) = l∗ (Vu , E(Vu )) +
(1)
(1)
z(Ea ). Also Proposition 4 suggests that (iii): z(Eg ) ≥
(1)
(1)
1 ∗
2 l (Vu , E(Vu )). Combining (i), (ii), and (iii), we have
z(Ea(1) ∪ Eg(1) ) ≥
(1)

(1)

1 ∗ (1) (1)
1
l (V , E ) = l∗ (V 0 , E 0 ).
2
2

(50)

f
f
Note that Ea ∪Eg ⊂ Eal
where Eal
is the set Eal obtained
f
at the end of Algorithm 1. Therefore, we have z(Eal
) ≥
1 ∗
0
0
l
(V
,
E
),
which
finishes
the
proof
of
the
proposition.
2
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